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Algorithm 1 £t MDS #3% [2]

Input: fHEHE D™ Hrh D, = dfjo
1 NS B=—-1HDHT, I H KA (centering matrix, BVEAL);
2: WWHAFHESME B =UAUT, HAPX MMM A = diag (A1, -+, An)s
30 BUHT kb A KRR 2R AR B AT Y. (R AIE ) 1

Xy, = Uph”

b, U = [ur, -+ w], Ap = diag (M, -+, Ag)
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Algorithm 2 Isomap &% [1]
Input: FEALE D = 21,29, ..., 7, A k, (RYEZFAI4EEL d' s
1: for i =1tom do
e x; 1k 1548,
x; 5k AR A AR B BN R R, A SRR BB TS K
end for
W B s AR SR SRR AS R IR PR S dist (24, ) s
¥ dist(z;,x;) b MDS EIERIHN;
: return MDS 5L 1% ;
Output: FEALE D fERAESHEGY Z = (21,22, 4 2m)

UL A s

Isomap SVEMIEACKEAE ] DARGIA Ky FRATTSRICEC RARHE RN, DR UE BT 1 At Sy 280 B3, e
BT ) R L B BE B A . ) iE U, Tsomap SR HREIE B A RS, RIEXA AR AR
Jito Isomap FIEAEIRFFTAFEAZ M EE B AL, & MDS BAESYERM LR, BEHEAS

ZBNRKEERRSESEN . LI B e TR S0, MRE T 2R E M 0. ST IR
bk, FERE LB FEAFIIEN (dense-sample and regularity) 4cfF F, Isomap SR UERSL LLR R
TE R I bR

2 MDS MWFH
2.1 MDS &Y python SCHI

A E BRI AE R BT Python JF R BINLA 2% S & Scikit-Learn?[5], @& KE LAY )
BE BdESe, SRRSO TE, B H DA B R A IE AT — AR, 45 5 LR

Zhttp://scikit-learn.org/stable/, https://github.com/scikit-learn/scikit-learn
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KA, BAKTE MDS in python SCAFIE AR SCH:, MDS  python.ipynb A python IS, MDS  python,
SEIGIAET & Jupyter Notebooko

2.2 MDS B89 R =

ZAEEH R P AWH cmdscale() BN H BIEHREE eurodist W, SEEL 21 /NI AR ES AT
WAL, R XB, HEARRE MDS in R SCHE M, MDS R tex.Rmd i tex HIJEND,
MDS R.Rmd & html FIPERS . S8R5 E RStudios
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1 MDS in Python

Multidimensional scaling (MDS) seeks a low-dimensional representation of the data in which
the distances respect well the distances in the original high-dimensional space.

In general, is a technique used for analyzing similarity or dissimilarity data. MDS attempts
to model similarity or dissimilarity data as distances in a geometric spaces. The data can be rat-
ings of similarity between objects, interaction frequencies of molecules, or trade indices between
countries.

There exists two types of MDS algorithm: metric and non metric. In the scikit-learn, the class
MDS implements both. In Metric MDS, the input similarity matrix arises from a metric (and thus
respects the triangular inequality), the distances between output two points are then set to be as
close as possible to the similarity or dissimilarity data. In the non-metric version, the algorithms
will try to preserve the order of the distances, and hence seek for a monotonic relationship between
the distances in the embedded space and the similarities /dissimilarities.

Let S be the similarity matrix, and X the coordinates of the n input points. Disparities dAij are
transformation of the similarities chosen in some optimal ways. The objective, called the stress, is
then defined by ) d;;(X) — dAl-]-(X)

i<j

The simplest metric MDS model, called absolute MDS, disparities are defined by cfij = Sij.
With absolute MDS, the value S;; should then correspond exactly to the distance between point i
and j in the embedding point.

Most commonly, disparities are set to cfij = bS;;.

1.1 MDS by SMACOF algorithm

sklearn.manifold.MDS

Computes multidimensional scaling using the SMACOF algorithm.

The SMACOF (Scaling by MAjorizing a COmplicated Function) algorithm is a multidimen-
sional scaling algorithm which minimizes an objective function (the stress) using a majorization
technique. Stress majorization, also known as the Guttman Transform, guarantees a monotone

convergence of stress, and is more powerful than traditional techniques such as gradient descent.

1



The SMACOF algorithm for metric MDS can summarized by the following steps: 1. Set an
initial start configuration, randomly or not. 2. Compute the stress 3. Compute the Guttman

Transform 4. Iterate 2 and 3 until convergence.

1.2 References:

¢ “Modern Multidimensional Scaling - Theory and Applications” Borg, I.; Groenen P. Springer
Series in Statistics (1997)

¢ “Nonmetric multidimensional scaling: a numerical method” Kruskal, J. Psychometrika, 29
(1964)

¢ “Multidimensional scaling by optimizing goodness of fit to a nonmetric hypothesis”
Kruskal, ]. Psychometrika, 29, (1964)

2 Examples using sklearn.manifold. MDS

2.1 Multi-dimensional scaling

An illustration of the metric MDS on generated noisy data.
The reconstructed points using the metric MDS and non metric MDS are slightly shifted to
avoid overlapping.

plot_mds.ipynb

In [1]: # Author: Nelle Varoquauz <nelle.varoquauz@gmail.com>
# License: BSD
% matplotlib inline
print(__doc__)
# BENE

import numpy as np

from matplotlib import pyplot as plt

from matplotlib.collections import LineCollection
from sklearn import manifold
from sklearn.metrics import euclidean_distances

from sklearn.decomposition import PCA

n_samples = 20



seed = np.random.RandomState (seed=3)
X_true = seed.randint(0, 20, 2 * n_samples).astype(np.float)

X_true = X_true.reshape((n_samples, 2))
# BEF N

X _true -= X_true.mean()

similarities = euclidean_distances(X_true)

# X PR R A I AR

noise

np.random.rand(n_samples, n_samples)
noise = noise + noise.T
noise[np.arange(noise.shape[0]), np.arange(noise.shape[0])] = 0

similarities += noise

# MDS MK HK4EH AN
mds = manifold.MDS(n_components=2, max_iter=3000, eps=1e-9, #mantfold.MDS

random_state=seed, dissimilarity="precomputed", n_jobs=1)

pos = mds.fit(similarities).embedding_

# REHRE
pos *= np.sqrt((X_true ** 2).sum()) / np.sqrt((pos #** 2).sum())

# e BB
clf = PCA(n_components=2)
X_true = clf.fit_transform(X_true)

pos = clf . fit_transform(pos)

# %
fig = plt.figure(1)
ax = plt.axes([0., 0., 1., 1.1)

s = 100
plt.scatter(X_truel:, 0], X_truel:, 1], color='navy', s=s, 1lw=0,
label='True Position')
plt.scatter(pos[:, 0], pos[:, 1], color='turquoise', s=s, lw=0, label='MDS')
plt.legend(scatterpoints=1, loc='best', shadow=False)



similarities = similarities.max() / similarities * 100

similarities[np.isinf(similarities)] = 0

# B
start_idx, end_idx = np.where(pos)
# a sequence of (*line0*, *linel*, *line2+*), where::
# linen = (z0, y0), (z1, y1), ... (zm, ym)
segments = [[X_trueli, :], X_truelj, :1]
for i in range(len(pos)) for j in range(len(pos))]

values = np.abs(similarities)
lc = LineCollection(segments,

zorder=0, cmap=plt.cm.Blues,

norm=plt.Normalize(0, values.max()))
lc.set_array(similarities.flatten())
lc.set_linewidths(0.5 * np.ones(len(segments)))

ax.add_collection(lc)

plt.show()
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2.2 Manifold learning on handwritten digits

An illustration of various embeddings on the digits dataset.

The RandomTreesEmbedding, from the sklearn.ensemble module, is not technically a man-
ifold embedding method, as it learn a high-dimensional representation on which we apply a di-

mensionality reduction method. However, it is often useful to cast a dataset into a representation

in which the classes are linearly-separable.

t-SNE will be initialized with the embedding that is generated by PCA in this example, which
is not the default setting. It ensures global stability of the embedding, i.e., the embedding does

not depend on random initialization.

plot_lle_digits.ipynb

In [2]:

# Authors: Fabian Pedregosa <fabian.pedregosa@inria.fr>

# Olivier Grisel <olivier.grisel@ensta.org>
# Mathieu Blondel <mathieu@mblondel.org>
# Gael Varoquauz

# License: BSD 3 clause (C) INRIA 2011
% matplotlib inline

print(__doc__)

# BNA

from time import time

import numpy as np

import matplotlib.pyplot as plt

from matplotlib import offsetbox

from sklearn import (manifold, datasets, decomposition, ensemble,

discriminant_analysis, random_projection)

digits = datasets.load_digits(n_class=6)
X = digits.data

y = digits.target

n_samples, n_features = X.shape

n_neighbors = 30

# X B RE RN
def plot_embedding(X, title=None):

x_min, x_max = np.min(X, 0), np.max(X, 0)



X = (X - x_min) / (x_max - x_min)

plt.figure()
ax = plt.subplot(111)
for i in range(X.shape[0]):
plt.text(X[i, 0], X[i, 1], str(digits.target[i]),
color=plt.cm.Setl1(y[i] / 10.),
fontdict={'weight': 'bold', 'size': 93})

if hasattr(offsetbox, 'AnnotationBbox'):
# only print thumbnatils with matplotlid > 1.0
shown_images = np.array([[1., 1.]1]) # just something big
for i in range(digits.data.shape[0]):
dist = np.sum((X[i] - shown_images) ** 2, 1)
if np.min(dist) < 4e-3:
# don't show points that are too close
continue
shown_images = np.r_[shown_images, [X[i]]]
imagebox = offsetbox.AnnotationBbox(
offsetbox.0ffsetImage(digits.images[i], cmap=plt.cm.gray_r),
X[il)
ax.add_artist(imagebox)
plt.xticks([]l), plt.yticks([])
if title is not None:

plt.title(title)

# 2HFEETER
n_img_per_row = 20
img = np.zeros((10 * n_img_per_row, 10 * n_img_per_row))
for i in range(n_img_per_row):
ix =10 * 1 + 1
for j in range(n_img_per_row):
iy = 10 * § + 1
imglix:ix + 8, iy:iy + 8] = X[i * n_img_per_row + j].reshape((8, 8))

plt.imshow(img, cmap=plt.cm.binary)



plt.xticks([1)
plt.yticks([1)
plt.title('A selection from the 64-dimensional digits dataset')

# PCA: ¥ 2 ME RO

print ("Computing PCA projection")
t0 = time()
X_pca = decomposition.TruncatedSVD(n_components=2).fit_transform(X) # PCA
plot_embedding(X_pca,
"Principal Components projection of the digits (time %.2fs)" %

(time () - t0))

# LDA: ®I 2 MEREA A 2R

print("Computing Linear Discriminant Analysis projection")
X2 = X.copy(Q)
X2.flat[::X.shape[1] + 1] += 0.01 # Make X invertible
t0 = time ()
X_1da = discriminant_analysis.LinearDiscriminantAnalysis( #LDA
n_components=2) .fit_transform(X2, y)
plot_embedding(X_lda,
"Linear Discriminant projection of the digits (time 7%.2fs)" %

(time () - t0))

# BT HBIEER MDS H\

print ("Computing MDS embedding")
clf = manifold.MDS(n_components=2, n_init=1, max_iter=100) # manifold.MDS
t0 = time()
X_mds = clf.fit_transform(X)
print("Done. Stress: %f" 7 clf.stress_)
plot_embedding(X_mds,
"MDS embedding of the digits (time %.2fs)" %



(time () - t0))

# WFHEEN Isomap A

print ("Computing Isomap embedding")
t0 = time()
X_iso = manifold.Isomap(n_neighbors, n_components=2).fit_transform(X)
print("Done.")
plot_embedding(X_iso,
"Isomap projection of the digits (time %.2fs)" %
(time () - t0))

plt.show()

Automatically created module for IPython interactive environment
Computing PCA projection

Computing Linear Discriminant Analysis projection

Computing MDS embedding

Done. Stress: 142114952.026530

Computing Isomap embedding

Done.
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2.3 Comparison of Manifold Learning methods

An illustration of dimensionality reduction on the S-curve dataset with various manifold
learning methods.

For a discussion and comparison of these algorithms, see the manifold module page

For a similar example, where the methods are applied to a sphere dataset, see Manifold Learn-
ing methods on a severed sphere

Note that the purpose of the MDS is to find a low-dimensional representation of the data
(here 2D) in which the distances respect well the distances in the original high-dimensional space,
unlike other manifold-learning algorithms, it does not seeks an isotropic representation of the data
in the low-dimensional space.

plot_compare_methods.ipynb

In [3]: # Author: Jake Vanderplas —-- <wvanderplas@astro.washington.edu>
% matplotlib inline
print(__doc__)
# BANA

from time import time

import matplotlib.pyplot as plt

from mpl_toolkits.mplot3d import Axes3D
from matplotlib.ticker import NullFormatter

from sklearn import manifold, datasets

# pyflakes & E 3D K
Axes3D

n_points = 1000

X, color = datasets.samples_generator.make_s_curve(n_points, random_state=0)
n_neighbors = 10

n_components = 2

# HiE— KB, BNEREHNTHE

fig = plt.figure(figsize=(15, 5))

plt.suptitle("Manifold Learning with %i points, %i neighbors"
% (1000, n_neighbors), fontsize=14)

11



# B S WH
ax = fig.add_subplot (131, projection='3d")
ax.scatter(X[:, 0], X[:, 1], X[:, 2], c=color, cmap=plt.cm.Spectral)

ax.view_init(4, -72)

# S HEM MDS #A

t0 = time()

mds = manifold.MDS(n_components, max_iter=100, n_init=1) # manifold.MDS
Y = mds.fit_transform(X)

tl = time()

print ("MDS: %.2g sec" % (t1 - t0))

# (K4 MDS N4

ax = fig.add_subplot(132)

plt.scatter(Y[:, 0], Y[:, 1], c=color, cmap=plt.cm.Spectral)
plt.title("MDS (%.2g sec)" % (t1 - t0))
ax.xaxis.set_major_formatter (NullFormatter())
ax.yaxis.set_major_formatter(NullFormatter())

plt.axis('tight')

# S WEEY Isomap # N\

t0 = time()

Y = manifold.Isomap(n_neighbors, n_components).fit_transform(X) # Isomap
tl = time()

print("Isomap: %.2g sec" % (t1 - t0))

# K% Isomap # N\% A

ax = fig.add_subplot(133)

plt.scatter(Y[:, 0], Y[:, 1], c=color, cmap=plt.cm.Spectral)
plt.title("Isomap (%.2g sec)" % (t1 - t0))
ax.xaxis.set_major_formatter (NullFormatter())
ax.yaxis.set_major_formatter(NullFormatter())

plt.axis('tight')

plt.show()

Automatically created module for IPython interactive environment
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MDS: 3.8 sec

Isomap: 0.5 sec

Manifold Learning with 1000 points, 10 neighbors
MDS (3.8 sec) Isomap (0.5 sec)
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2.4 Manifold Learning methods on a severed sphere

An application of the different Manifold learning techniques on a spherical data-set. Here one
can see the use of dimensionality reduction in order to gain some intuition regarding the manifold
learning methods. Regarding the dataset, the poles are cut from the sphere, as well as a thin slice
down its side. This enables the manifold learning techniques to 'spread it open” whilst projecting
it onto two dimensions.

For a similar example, where the methods are applied to the S-curve dataset, see Comparison
of Manifold Learning methods

Note that the purpose of the MDS is to find a low-dimensional representation of the data
(here 2D) in which the distances respect well the distances in the original high-dimensional space,
unlike other manifold-learning algorithms, it does not seeks an isotropic representation of the data
in the low-dimensional space. Here the manifold problem matches fairly that of representing a flat
map of the Earth, as with map projection

plot_manifold_sphere.ipynb

In [4]: # Author: Jaques Grobler <jaques.grobler@inria.fr>
# License: BSD 3 clause
% matplotlib inline
print(__doc__)
# BNA

from time import time
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import numpy as np

import matplotlib.pyplot as plt

from mpl_toolkits.mplot3d import Axes3D
from matplotlib.ticker import NullFormatter

from sklearn import manifold

from sklearn.utils import check_random_state

# pyflakes & E 3D A
Axes3D

# XENK
n_neighbors = 10

n_samples = 1000

# MBIk,
random_state = check_random_state(0)

p = random_state.rand(n_samples) * (2 * np.pi - 0.55)

t = random_state.rand(n_samples) * np.pi

# KR EEERE

indices = ((t < (np.pi - (ap.pi / 8))) & (¢t > ((ap.pi / 8))))

colors = plindices]

X, ¥, z = np.sin(t[indices]) * np.cos(p[indices]), \
np.sin(t[indices]) * np.sin(pl[indices]), \

np.cos(t[indices])

# M — KB, FNERENTHE

fig = plt.figure(figsize=(15, 5))

plt.suptitle("Manifold Learning with %i points, %i neighbors"
% (1000, n_neighbors), fontsize=14)

# B = BRIk
ax = fig.add_subplot (131, projection='3d")
ax.scatter(x, y, z, c=plindices], cmap=plt.cm.rainbow)

ax.view_init (40, -10)
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sphere_data = np.array([x, y, z]).T

# IKEy MDS H

t0 = time()

mds = manifold.MDS(2, max_iter=100, n_init=1)
trans_data = mds.fit_transform(sphere_data).T
t1l = time()

print ("MDS: %.2g sec" % (t1 - t0))

# K4 MDS BN HE

ax = fig.add_subplot(132)

plt.scatter(trans_datal[0], trans_datal[l]l, c=colors, cmap=plt.cm.rainbow)
plt.title("MDS (%.2g sec)" % (t1 - t0))

ax.xaxis.set_major_formatter (NullFormatter())
ax.yaxis.set_major_formatter(NullFormatter())

plt.axis('tight')

# IRV Isomap #\

t0 = time()

trans_data = manifold.Isomap(n_neighbors, n_components=2)\
.fit_transform(sphere_data).T

tl = time()

print("%s: %.2g sec" 7 ('ISO', t1 - t0))

# K% Isomap # N\ % A

ax = fig.add_subplot(133)

plt.scatter(trans_datal[0], trans_data[l], c=colors, cmap=plt.cm.rainbow)
plt.title("%s (%.2g sec)" % ('Isomap', tl - t0))
ax.xaxis.set_major_formatter(NullFormatter())
ax.yaxis.set_major_formatter (NullFormatter())

plt.axis('tight')

plt.show()

Automatically created module for IPython interactive environment

MDS: 1.7 sec
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IS0: 0.32

sec

Manifold Learning with 1000 points, 10 neighbors
MDS (1.7 sec)

Isomap (0.32 sec)
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TR
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oMUk MDS [ MRS IR 52 8 SR VFRRANE SR GE =3 ] h s
R R TR ROBR S (AN) AHAATE . Her) i, MDS SevFEATTAEARYE =S [A] n] 41
o (AN) AHBE, DAEREATER AR A . MDS S —Fioft 22 4e = 0] I BF S0 4
] A SRR S AT AL T M, [ I S PR BT 5 ) Jir 465 5 2% 1) e df
AN IWIRr

1 5

AR — N REFRATAE B A [R] rp 60— 28 SR AR bR, pH e n] DASK BRI
PRES . A Bk, CANER B %M BTG BIX L S AR OC R o XM B )
DU M RR CGEE 25, ] LT SC R “BEES”. MDS #t & 7S E AR FFIX
T e “BRE” BRI, B EARAE R LRIk . XA Sk,
T 3 BT 2 2 YERR T3 BT B — MR

Z Teor M A LR LR 25, BPZEXHERE 25, BRICHE & (euclidean) .
RS (manhattan)s PIEEES (binary). BJIKFEE (minkowski)s 7E R
T AL disk() PRETSFRIREAZ A ER A . MDS 3] BR 250 FEEAT 73
1, DRI AR N AE S

2 BEMAEE
R 4718 % BECK B B MDS.  FIIAIF S5 T 7 B AR

packages:

o cmdscale() (stats by R Development Core Team)

o smacofSym() (smacof by Jan de Leeuw and Patrick Mair)



3 Bm¥EmA 2

o wcmdscale() (vegan by Jari Oksanen et al)

o pco() (ecodist by Sarah Goslee and Dean Urban)
o pco() (labdsv by David W. Roberts)

o+ pcoa() (ape by Emmanuel Paradis et al)

o dudi.pco() (ade4 by Daniel Chessel et al)

3 FEENA
TEZ 0 MDS t, BB RUEURZ 5, LR CH . 76 R

stats U cmdscale( ) PRESEZIL 740 MDS. & MR £ 55 I R G R 2,
FEARAE =R (W) rh -4 % by, 1R DR AR B AR

3.1 Z#EfH

# ZERA

install.packages(c("vegan", "ecodist", "labdsv", "ape", "aded", "smacof"))

3.2 A8

# SNE
library(vegan)
library(ecodist)
library(labdsv)
library(ape)
library(ade4)

library(smacof)

3.3 FAHE

FATFA R HAFEHEE curodist: WY 21 AT 18] 1) 2 i HLRERE 29,
LR NSFNCIE



3 Bm¥EmA 3

# B eurodist % AE[E R

euromat = as.matrix(eurodist)

# i BURD AN SRR BE S AR [
euromat[1:5, 1:5]

## Athens Barcelona Brussels Calais Cherbourg
## Athens 0 3313 2963 3175 3339
## Barcelona 3313 0 1318 1326 1294
## Brussels 2963 1318 0 204 583
## Calais 3175 1326 204 0 460
## Cherbourg 3339 1294 583 460 0

3.4 MDS with cmdscale()

HATE = MDS Fi H IR EE cmdscale() (R PEGANERED . BE1Y
— M HER LT

cmdscale(d, k = 2, eig = FALSE, add = FALSE, x.ret = FALSE)
A H AR RN cmdscale() Sk IR BRI T2 8] 2E & 0] 7R

# N emdscale()

mdsl = cmdscale(eurodist, k = 2)

# B A

plot(mdsi[,1], mds1[,2], type = "n", xlab = "", ylab = "", axes = FALSE,
main = "cmdscale (stats)")

# A0

text(mdsi[,1], mds1[,2], labels(eurodist), cex = 0.7, xpd = TRUE)



4 HFELHK

Gibraltar

Madrid
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3.5 Zip

cmdscale (stats)
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FITARAF (1) BT AR 423 18] vh ol 7 2 1) (R R 5, AR T X 7k 5 R 1)
A —FE: Athens fEdt75, Stockholm fEREI/H . XFF “ " RIRT
— AN R Y R AL R B L AR AN R ME— (1) AR RIS SE PR
IR, FRATT 5 22 S e B

4 BEEK

[1]  http://www.gastonsanchez.com/visually-enforced /how-to/2013/

01/23/MDS-in-R/
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